This paper studies spectral properties of linear retarded functional differential equations in Hilbert spaces with the emphasis on their relations to structural operators. The equations involve unbounded operators acting on the discrete and distributed delayed terms, and the operators acting on the instantaneous term are defined through sesquilinear forms. The main concern of this paper is studying the spectral properties of the infinitesimal generators associated with the solution semigroups by means of structural operators. The characterizations of eigenmanifolds are derived and the relations between the manifolds and structural operators are shown by using the properties of structural operators. ᮊ
INTRODUCTION
In this paper we continue the study of structural properties for func-Ž . tional differential equations FDE's in a Hilbert space, which is discussed w x in Jeong et al. 7 . The structural study developed by Manitius and w x n Ž w x . co-workers 1, 4 for FDE's in R see also the references in 7, 9, 10 is w x w x extended to abstract FDE's by Nakagiri 10 , Tanabe 14 , Kunisch and w x w x w x Mastinsek 9 , and Jeong 5, 6 . In 10 the structural study has been donȇ extensively, but operators acting on the delayed part of equation are w x bounded. On the other hand, the works 5, 6, 9, 14 and those of Di Blasio w x w x et al. 2, 3 and Yong and Pan 17 intend to study the equation which has unbounded operators acting on the retarded part of the equation; however, the structural study seems to be insufficient. We want to fill the gap w x w x by extending the results in 10 to the equations studied in 7 . w x In 7 , we study the basic state space theory for the following functional Ž . is defined through the sesquilinear form on V = V. Ž . The equation E covers the following typical initial-boundary value problem for a parabolic partial functional differential equation. Let ⍀ ; R n 2 Ž . be a bounded domain with smooth boundary Ѩ ⍀. We set H s L ⍀ and 1 Ž . 
Ž .
Ž . Here in 1.5 we assume that the real valued coefficients a , b , c satisfy Ž w x . for some positive . As is well known see e.g. Tanabe 12, Chap 
Next, let A , s 1, 2, be the restriction to H ⍀ of the second 0 0 order differential operator A A , s 1, 2, given by
The kernel function a s is assumed to be an element of L yh, 0 . The following system of a parabolic partial functional differential equation and Ž . initial-boundary conditions is covered by E .
Here in 1.8 and 1.10 we suppose that f g L R ; H ⍀ and g g
For the equations 1.8 ᎐ 1.10 in interpola-0 w x tion spaces we refer the reader to Jeong 6 .
The objective of this paper is to develop the spectral theory for the Ž . Ž . equations E and E on the state space M and the adjoint space
which extends that of 10 for the equations 2 with bounded operators acting on delayed terms. In our spectral theory the w x w x structural operators play an important role as shown in 4 and 10 .
Ž . Ž . We briefly explain the content of this paper. Let S t and S t be the T Ž .
Ž . C -semigroups on M associated with E and E , respectively. We 0 2 T Ž . Ž . denote by A and A the infinitesimal generator of S t and S t , T T Ž . respectively. In Section 2 we summarize some preliminary results for S t ,
which will be used in this paper. In Section 3 we introduce various spectral operators and give the representations of resolvent operators spectral projection of A for . Using the relation we establish a useful expression of the spectral projection P in terms of generalized eigenvectors of A, A and the structural operator F. T 
SEMIGROUPS AND STRUCTURAL OPERATORS
In this section we state the results on the semigroups associated with the Ž . Ž . 
The operator valued Stieltjes measure is defined by
denotes the characteristic function of yϱ, yh . Then the
Ž . satisfies 1.1 and 1.2 .
The existence and uniqueness result and a variation of constants formula of solutions in terms of the fundamental solution are established in w x Jeong et al. 7 .
loc loc
Under the additional condition that w x a s is Holder continuous on yh, 0 , 2.5
Ž . Tanabe 13, 15 has constructed the fundamental solution W t of E as the solution of the following integral equation with delay t 0
where O denotes the null operator. Ž . This fundamental solution W t is strongly continuous both in H and
is a product Hilbert space with the norm 1r2 0 2 2 0 1 0 1
The characterization of A is given by the following theorem.
THEOREM 2. The operator A is gi¨en by
U Ž . Next we consider the adjoint semigroup S t on the adjoint space of M . The adjoint space M U of M can be identified with the product space ² :
Ž . Ž . 2 2 By identifying the second dual V UU of V with itself, the second adjoint space M UU is identified with M . That is, M is reflexive in this identifica-2 2 2 U Ž . tion. Hence, as is well known, the adjoint semigroup S t is strongly U U Ž . continuous in M . The infinitesimal generator of S t is given by the 2 adjoint A U and is characterized precisely by the following theorem. For relevant results for abstract functional differential equations we refer the w x w x w x reader to Webb 16 , Kunisch and Mastinsek 9 , and Nakagiri 10 .
Ž . Next we study the transposed equation E and their associated semi-T Ž .
U groups. In 1.3 and 1.4 it is assumed that A denote the adjoint operator
Then the solution¨t of E T exists uniquely by Theorem 1. Consequently we can construct the funda-Ž . Ž . mental solution W t of E , which is strongly continuous both in H and 
The operator F is into and bounded. The second structural operator G: M U ª M is defined by
2
G is also into and bounded.
denotes the adjoint of F and is ii The adjoint G : M ª M of G is gi¨en by
These G and G U satisfy
Now we can state the crucial interconnected properties between the structural operators F, G and the semigroups given above.
Ž . THEOREM 5. i The following decompositions hold true:
ii The following relations on F hold true:
iii The following relations on G hold true:
RESOLVENT AND SPECTRUM
This section is devoted to give exact forms of the resolvent operators of generators associated with FDE's and to study their spectrum by means of w x the characteristic operators. Following Delfour and Manitius 4 and w x Nakagiri 10 , for each g C, we introduce the following linear operators
respectively. We shall call these operators the spectral operators. Ž . Also we introduce the characteristic operator ⌬ to study the relations Ž . between this and y A. For each g C, we define the operator ⌬ by
By considering ⌬ as an operator in L L V, V , we define the follow-Ž . ing resol¨ent set and spectrum for ⌬ .
Ž . For the spectrum ⌬ , we divide it into the following three disjoint subsets: 
then g A and the resol¨ent y A of A is represented by

Ž .
By solving the differential equation and using definitions of spectral w x Ž . operators, as shown in 10, Theorem 6.1 , we see that 3.14 is equivalent to Ž . y1 proves that belongs to the resolvent set A and the resolvent y A Ž . is given by 3.13 .
Since S t is a C -semigroup on M , there exist M G 1 and g R such
Let ⌸ be the projection of M onto H. Then by 2.7 and 3.17 , 
Ž . Hence the following theorem follows immediately from 3.26 .
Ž U . Ž T HEOREM 7. If g ⌬ , then g A and the resol¨ent y Žk. Ž . by E , ⌬ , and so on the kth derivatives in . By repeating the w x similar calculations in 10, Prop. 6.1 , we can establish the following equalities. LEMMA 2. For each g C and k s 0, 1, 2, . . . ,
Next we study the spectra of A, A U , A , A U by means of the character- 
As usual we denote by A the spectrum of A, and by Ž .
Ž . Ž . A , A , A the point, continuous, and residual spectrum of A, P C R respectively. We can now state the following result on the relationship between three kinds of spectrum for A, A U , A , A U and those correspond-
Ž . ing sets defined for ⌬ and ⌬ , which gives a slightly sharpened T w x version of 3, Theorem 3.9 on the part of residual spectrum. THEOREM 9. The following relations hold: 
We denote by ⌶ U , ⌺ U , ⌺ U , ⌺ U , ⌺ U the corresponding sets given above in 
